Joe Dinius Math 583B

Final

1.

May 14, 2008

Show that the Fourier transform of the distribution |z|™ is

(—i)m276™) (k), m=2,4,6,..., and 0
—2(=i)" EEPV(E), m=1,3,5,...

Solution. Start with the analog of the relationship

@)

= (—ik)" f(k 2

I8 = imm k) &)

for distributions. We have for the distributional derivatives of |z| and, subsequently,
™

d|z|
dr sgn () (3)
dfz|™ m-
el m|z|™ tsgn(z). (4)
Before beginning the next step, the following formulae are useful:
sen'(x) = 20(x) (5)

1
E)' (6)

Perform the derivative m times and apply relationship (2) to get the following:

/Tn - 2i(m!)PV(%)

sga(k) = 2PV(

where all subsequent transform integrals except the above contained §(z) terms, which
when coupled with f(z) = |z|e’** led to [’s valued 0, since f(0) = 0.

Now, apply the definition of the PV and ¢ functions as the following sequence lim-
its:

1 .
PV = s ®)
S(k) = lime— 9)

—0 k2 + €2’

Perform the derivative m times on both formulae, and the following emerges:

|/|\ (—i)m2m6(™) (k), m=2,4,6,..., and (10)
‘/I; m - . m
—2(—i)"AEPV(E), m=1,3,5,...

which is the desired result.



2. Distributions T;= are defined by

—€ _titx oo titx
(T, ) _1551(/ eTw(x)daH—/e eTde)

oo

In these formulas, ¢ is a parameter. Show that

lim 7" = imd, tlim = —imd

Solution. Start with 7} :

lim 7,

t—o0

lim lim

t—o0 e—0

t—o00
—E —zt:c oo —1itx
w G / G—de)
€ xXr

( E % () +/°° () )
oty [ /ﬁd)

lim lim

t—o00 €e—0

lim lim

t—o00 €e—0

[ (et = e)te) dl,)
L /°° w(x)dx)

lim lim

t—o0 e—0

but, this is (using a relation from Tabor (5.58)):

- —Qigsgn(t)é = —ind

The same relation is used for 7T}", with a difference in sign:
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3. Object: to represent solutions of the differential equation

y"(x) —zy(x) =0 (26)

by contour integrals
) = [ f(s)eras. (27)
G

Here C} is a contour, to be determined, that extends to oo in both directions.
a.) Find f(s).
Solution. Plug (27) into the ODE (26):
/ (s* — 2)f(s)e*ds = 0. (28)
Gj

Look at the integral with the x term in front:

/ zf(s)e’ds = f(s)e™ W—/ f'(s)e**ds (29)
Cj o JG;

where uq, us are the endpoints of the yet-to-be determined integration contour. Com-
bine (29) with remaining terms of (28):

e [ )+ FeDeas = o (30)
(=) F6)+55(s) = 0 (1)
(=) fls)=ae s = e 7. (32)

Assume WLOG that a = 1.

b.) Find contours C; that can be used to get solutions represented in the form (27).

u2

Solution. Need to find contours with boundaries at uy,uy such that f(s)e*| = 0.
u1

4
sr—3S-

First, recast s = Re and plug into f(s)e®® = 5~ 1.

st R
ST == Rx(cosf +ising) — Z(COS 40 + isin 46) (33)

Take the modulus, and look at the exponent

5% Rr*
els==1 < €R|a:\cos€—T cos 40 (34)



We need cos46 > 0 to ensure that that the exponential decays to 0 as R — oo. There

are four regions:

3 < w<g e(-33)

The points uq, uy are the endpoints of the contours at oco.



4. Let A be the operator (Au)(z) = —z(zv/(z)) on L?*([0,00)), with boundary condition
u(0) = 0.
a.) Find Green’s function G(z,&; \) (the solution of Au(x) — (Au)(z) = 6(x—¢)). This
is rather messy. Be careful with branches of v/\.

Solution. To find Green’s function satisfying the boundary condition u(0) = 0, take
the following from Tabor (7.97,7.98):

0 xr <

G(CL‘, 5) — {ul(x)ug(ﬁ)—UQ(I)’UJ(f)
POV E) T > &

(40)

Need to find the eigenfunctions u; (x; A), ug(z; A) and the Wronskian at &, W (&); p(§) =
&

' r(r=1)4+r+XA = 0 (41)
P+ = 0 (42)
= +i) (43)
(=) w(zm ) = v, ug(z;\) = gV (44)
W(€) = m(€)us(§) —ua()ur (€) = —2vVAg™. (45)
Combine with (37) to get:
6(a.6) {0 T (a6
x, = 2= IVAEIVA iV g—ivA
‘ 2i6v/X : v >4

b.) Do the appropriate integral of G(x,&;A) around a contour to get the following
representation of 6(x — &):
1 o s—1,,—s
iz —§&) =— £ x4ds. (47)

21 J oo

You will have to do a lot of simplifications of integrals. The final step is a change of
variables from real to imaginary; this leads to the integration along the imaginary axis.

Solution. Make the substitution & = v/ and the integral Jo G(z,& N)dX becomes:

- —iVAEiVA iV A e—ivVA — —ik ¢ik ik e—i
§<x_£) _ gl/cx )\g A )\g )\d)\_§ I/Cx kfk l‘kf kdk(48)

omi ™ = o ;
where the integral is taken over the whole real line. To ensure integrability split the
integral and contour into:

-1 oo . —ik ¢ik -0 ik ¢—ik

:%/x,f dk:—/ i S (49)
T Jo i 0 1
1 poo ,.—ikeik 0 .ike—ik

- e [ P (50)
2mi Jy 1 oo 1
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Make substitution s = —tk. Now the integral is across the whole complex line:

oz —¢&) = i r%E%ds = L h x_s s (51)

21 ) o 2mi

c.) Derive the transform formulas

Fls) - /0 T ), f(a) = —— / T P (s)ds. (52)

2T ) oo
F is called the Mellin transform of f.

Solution. Use above relation (48) and multiply by f(£) and integrate over L*([0, 00)).

0= [ 5@t - o=k [ [/f “d&]ds (53)

F(s) = Oof(:v)azs’ldx, then (54)
0
1 100

flz) = — x°F(s)ds. (55)

210 o

Define:

d.) Find the Mellin transform of e=*.

Solution. The integral for F'(s) is:

/ ¥ e d. (56)
0

This integral looks familiar, in fact it is the gamma function, therefore F'(s) = I'(s).

If we didn’t have the definition of the gamma function, we could use integration-
by-parts and the fact that e™ decays faster than powers of . The result would be
similar to the factorial function (and for the case of s € NT it would be the factorial
function).



5. Let K be the integral operator
(Ku)a) = [ e u(e)de (57
0

on L*([0, 00)).
a.) For what A\ does the equation u(z) = A\(Ku)(z) have a nontrivial solution?

Solution. Multiply both sides by e>* and integrate. Look at [ e™**u(x)dx:

/000 e u(z)dr = )\/OOO e ¥ dxy /000 e~ Hu(&)de (58)

A
— 5/ e~ %u(&)deE. (59)
0
This reduces to the simple scalar equation:
a= %a (60)

which has nontrivial solution only when A = 3.

b.) Under what conditions on f will the equation
u(z) = A(Ku)(z) + f(z) (61)
have a solution, and is that solution unique? Consider all A.

Solution. Follow the same steps as above:

/000 e u(z)dr = /\/0OO e 3 dy /OOO e Xu(€)dé + /000 f(x)e *dx (62)

which leads to the algebraic equation:

A
a = §a+c (63)
(=) a = 1:. (64)

We should require that f be an L'([0,00)); that is, ¢ # oo. If A # 3 and ¢ # 0, a
unique solution exists. If A = 3 and ¢ # 0, no solution exists. If A = 3 and ¢ = 0,
infinitely many solutions exist.



c.) For each integer n > 0 find the solution, if one exists, of
u(z) = M(Ku)(z) +e " (65)
Consider all \.

Solution. Use above equation (61) with f(x) = e™"":

@ = 1f (66)

> 1
c = / e~ (M = 5 (67)
0 n

w>

Here ¢ # 0Vn. Therefore a unique solution exists when A # 3. The solution is given in
Tabor (taken with 8.15) as:

u(z) =ae™" + f(x) = et e M = e e ™ (68)
3

otherwise, no solution exists.

d.) In the case(s) where a solution of c.) does not exist, find a nonzero f for which
there is a solution.

Solution. We need to pick a function that is orthogonal on L*([0,00)) to e ?*. Set
up f(z) = Ce™® — 1 and solve for C:

0 = /0°°<Cex —1)e *dr = % — % (69)
(=)0 =< (70)

Therefore, if f(z) = %e*z — 1, infinitely many solutions exist.



6. The Bessel function of the first kind of order n (a non-negative integer) has the integral
representation

To(z) = © /0 " cos(nt — zsint)dt. (71)

7

Find the leading asymptotic behavior as x — oo. (The answer should not have any

Vv—1 in it.)

Solution. Take homework result

271— : o " 2
I(7) ~ f a em’S(a)/ 6zsgn(S (a))v dv' 79
1 27 iTtS(a) iZsgn(S" (a
= 5y g (@S Tmsw) @®

for arbitrary a, with S(t) = —sint, a = 7.

Jo(z) = %%R /O Wei(”t_“i““dt] (74)
_ %Rié Qgei(%z—w)] (76)
_ %R% geimw—a] )

= %\/%COS(%(ZTL—{-l)—LE) (78)

Therefore, leading asymptotic behavior as © — oo is ~ \/Lz



